The mathematical model of fatty acid kinetics in plasma is considered. The model is based on physiological knowledge and constructed by means of experimental data. In order to estimate the unknown parameters in the model, methods of inverse problems are used with measurements and ordinary differential equations governing the kinetics. Different sets of experimental data were used to establish the unknown parameters in the mathematical model. This enables one to understand the absorption process of nutrients and provide a computational estimation for the absorption rate.
INTRODUCTION
The absorption and metabolism process of dietary triacylglycerol may have vital impact on the analysis of risk factors for coronary heart disease. Therefore representing the process with a mathematical model would be very important in understanding the absorption and metabolism of dietary triacylglycerol which in turn affects the risk factors. Blood non-esterified fatty acid (NEFA) concentrations may have a large fluctuation in a short period of time in response to different human activities [1, 2] . The key factors in the concentration regulations are the inhibition of hormone-sensitive lipase by insulin [3] . After the hydrolysis of chylomicron-TAG by LPL in adipose tissue, there seems to be regulation of the change of the fatty acids released: uptake and esterification by adipocytes or release into plasma as NEFA [4, 5] . There is no indirect evidence for fatty acids to take effect at this branch-point of uptake and esterification. However it is believed that fatty acids uptake is an important part in these processes. Therefore it is useful to construct a mathematical model in order to estimate and understand the related kinetics. In this paper the authors examine the absorption process through the construction of a compartment model.
Several metabolism mathematical models exist in the literature representing models of NEFA kinetics [6, 7, 8] .The model of Srinicasan et al [9] relating fatty acids, glucose and insulin consists of four differential equations. In 2004, Boston [10] presented a novel minimal model to describe NEFA kinetics in individual cows and speculated that such model might be useful for modelling NEFA kinetics in humans. A modified version of Boston's minimal model under certain initial conditions for glucose was built following a range of experimental protocol. As chemists have done a lot of work on oral glucose tolerance test (OGTT) to obtain fatty acid concentration [11] , some models [8] have been built according to experimentally determined dose-response curves [12] . The main conclusion there was more about the stability of the models and the interaction between different chemicals. The mathematical models discussed above are usually referred to as the compartment model.
In general a compartment model can be used to describe the absorption process of fatty acids. A compartment may be a suitably defined volume of body fluid such as blood plasma, interstitial fluid, fat tissue, or intracellular fluid. In this paper, the compartment contains a uniform concentration of only fatty acids. These should not be confused with compartments based on internal organs such as lung, heart, liver, or kidney. The compartments may also be defined as the different parts of the intestine where chemical reaction has not yet taken place. These can be considered as absorption compartments where kinetic equations related to the time dependent concentration of certain fluid are being considered. Typically these concentrations are related to fatty acids in this study. If the analysis is based on one compartment it is called a one compartment model, otherwise it is known as a multi-compartment model. In this paper, there are two tasks. Firstly a linear time-dependent compartment model for NEFA complex is built to describe the "early event" of an absorption condition. Secondly a non-linear compartment model is constructed for a specific kind of NEFA concentration based on experimental results taken from human intake of a dietary supplement with steady state results.
For the first task on the early absorption process of fatty acids, kinetic parameters of the absorption model were determined through the conjugate gradient method using MATLAB. The computational results of fatty acids concentration, both in venous and arterial blood vessels, were compared with experimental data. For the second task, kinetics parameters of a nonlinear model were determined by means of an inverse problem method, based on quantum particle swarm optimization implemented in a FORTRAN program.
A LINEAR MODEL FOR ABSORPTION 2.1. The Concept of a Compartment Model for NEFA
A multi-compartment model is a mathematical model used to describe the way substances are transmitted amongst several compartments. Before considering absorption of fatty acids, food is digested in the stomach forming a thick fluid known as chyme which enters the duodenum where mixing with enzyme takes place. These mixing fluids will pass along the intestine releasing fatty acids on the way. Here absorption of fatty acids will take place by 'diffusing' through the small intestine wall and reaching blood capillaries.
At the start of the process there is a time lag between NEFA appears in the plasma and the intake of food supplement. This elapsed time represents the time required for (i) transfer of food from oesophagus to the stomach and eventually into the intestine for absorption, (ii) food dissolution in the delivery system, (iii) the action of some inhibition reactions, (iv) delay of enzyme activation and (v) molecule transfer through the absorbing site tissues. Due to these reasons the appearance of free fatty acids in the plasma is delayed and this situation is known as the absorption delay [15] .
Hence it is important to develop a model, which governs concentration of fatty acids in the absorption phase, without requiring excessive knowledge of the underlying digestion process. In order to achieve this, a transit compartment absorption model [16] before the plasma compartment may meet this requirement. Figure 1 depicts a simple compartment system containing several transit compartments after considering the physiological remarks as mentioned above. The NEFA is released from triacylglycerol and appears in the first transit compartment where the concentration of fatty acid is denoted as C 1 . The food passes through different compartments and the concentration of fatty acids in the n th compartment is denoted as C n . The flow between these transit compartments is assumed to have the same rate k tr . The rate of change of concentration in different compartments can now be modelled by a system of differential equations as given by Eq. (1). (1)
This ODE system indicates a delay for the transfer or release of the fatty acid and requires a nonzero initial condition for C 1 and zero initial condition for the rest. The analytic solution of C n can be obtained as (2) G is a constant. The initial condition for the first compartment is denoted as C 0 which depends on the amount and type of food intake.
Fatty acids are transported from the last compartment to the plasma compartment where the absorption rate of fatty acid in plasma is denoted as k 1 and the decrease of fatty acids is due to metabolism and inhibition with the rate of change given by k 2 . The analytic solution of the last small compartment can be used and the equation governing the kinetics of fatty acids in plasma is given by .
Here the aim is to determine two parameters k 1 and k 2 in Eq. (3). Experimental data is needed to obtain such information through an inverse problem method.
Experimental Data
Experimental data used in this paper was provided in Summers and Fielding [13] where a study on 14 healthy females aged between 29 to 70 years old were prevented from smoking, alcohol and unaccustomed exercise for 24 hours before the study. The meal which contains 60g fat and 13g protein was given to volunteers at 0 min and blood samples were taken from artery and venous vein at 30 minute interval for the first two hours and 60 minute interval in the next four hours.
The Inverse Problem Approach
The inverse approach process usually involves the estimation of unknown parameters in the given model. Let be the unknown vector to be determined. The parametric solution of Eq. (3) is denoted as C pl (t; P). The inverse problem technique is to construct an error function denoted by
where are the experimental data.
The aim is to minimise this error function. C pl (t; P) can be computed as the solution of direct problem defined in Eq. (3) with a given value of P.
The algorithm below describes a conjugate gradient (CG) method in solving min E(P) in order to find a suitable P.
Initialize the value of P in the system as P 0 . The CG method is presented as below.
Here d k is the direction of descent, a k is the search step size, b k is the conjugate coefficient, e is a small number, typically 10 -5 , and ∇E(P k ) is the gradient of error function, which can be computed by
Fatty Acids Concentration
In order to compute ∇E(P k ), a direct problem governed by Eq. (3) with P k is solved by means of a 4 th -order Runge-Kutta method. The computational results can be seen as a foundation for future nonlinear problem in the next section. When P k converges to P* the concentrations C pl (t; P*) in venous and in arterial blood are plotted in Figures 2 and 3 respectively with the experimental data. The converged parameters for fatty acids in the venous and arterial blood are and , respectively.
The curves represent C pl (t; P*) profile with the experimental data in venous and arterial blood , and the norm of the gradient for error function is 9.8 ¥ 10 -6 and 9.6 ¥ 10 -6 respectively, which means the norm is close to zero and P* can be seen as the optimized parameter in this model. 
Triacylglycerol (TAG) Concentration
As the fatty acids are released from the synthesis and secretion of chylomicron-TAG, the transport of TAG in the small intestine also satisfies the time delay property. Therefore Eq. (2) can also be used to describe the kinetics of TAG concentration in plasma. Let C n (t; P k ) represent the concentration of TAG in plasma and the unknown parameters in Eq. (2) are .
The inverse approach described in Section 2.3 can be used and the computed concentration of TAG C n (t; P k ) when P k is converged to is shown in Figure 4 .
The result shows the comparison between the estimated concentration and the experimental data. Note that the number of small intestines n in the P* is limited to be integral, which may affect the accuracy of the inverse approach. Therefore a non-linear model which does not consider the number of small compartments may provide a good approximation. 
A NON-LINEAR MODEL FOR ABSORPTION
As in Section 2.5, the delay of the absorption might be difficult to be modelled. Therefore it is necessary to examine a model satisfying the absorption rate such that time delay is not included as part of the model simulation but is able to represent long-term absorption behaviour. The former requirement means that the chain of small compartments is not considered. The second requirement means the steady state solution for the plasma compartment is needed in the model. The system is depicted in Figure 5 . The food is transported from stomach, then passes through the small intestine and reaches the plasma compartment. C 1 , C 2 and C pl represent the concentration of fatty acids in these three different compartments as shown in Figure 5 .
With the compartment system described above, the ODE system can be written as in Eq. (6) . represents the rate of change of fatty acid concentration in the ith compartment and the transport is controlled by the flow rate coefficient k i,j . In the plasma compartment a negative Michaelis-Menten term is built to control the outflow of the plasma compartment. There are four unknown parameters in Eq. (6) to be determined. Also experimental data is needed in the inverse problem approach.
Experimental Data
This study focuses on specific linoleic acid. The data used in this test was provided by the School of Science in University of Greenwich. The experiment concerned subjects who were given a 3-g oral dose of linoleic acid with strictly controlled diets. Blood samples were taken every two hours in the first 16 hours after the meal and two more samples were taken after 24 hours and 48 hours after the test meal. 
The QPSO Method
In many cases the conjugate gradient method may be used to solve the inverse problem. There are two difficulties with the use of a conjugate gradient method. First the initial approximation to the parameters must be close to the true solution. Second the gradient may be difficult to compute due to the differentiability of some ODE systems. In these circumstances stochastic optimisation methods such as Quantum-Behaved Particle Swam Optimization [17] should be used. 
When P k converges to P* the concentration C pl (t; P*) in plasma and the experimental data are plotted in Figure 6 . The converged parameter for fatty acids in plasma is .
The concentration tends to zero after 24 hours of the meal, which means the steady state is obtained from the model. Note that the estimated concentration is close to experimental data and the model is suitable to depict the long-term absorption of linoleic acid. Either data from other fatty acid is missing, leading to an incomplete description of the ODE system, or data presented at t = 4 and 6 hour contain significant uncertainties.
CONCLUSION
In this study the mathematical model of fatty acid concentration in plasma is considered and two models are built to describe the absorption phases for solid food and oral dose respectively. For the first model a chain of small compartments is built before the plasma compartment in order to represent the absorption delay. A conjugate gradient method is used in the inverse problem to obtain the parameters in the model. Three sets of data, including triacylglycerol concentration in plasma and NEFA concentration in venous and artery vein, were used for the inverse problem. For the second model the small intestine is simplified as one compartment and a negative Michaelis-Menten term is built in plasma compartment to control its outflow of linoleic acid concentration. The QPSO method is used in the inverse problem with the experimental data of linoleic acid concentration in plasma. The computational values for these two models are close to the observed data in the lab, suggesting that these parameter estimations are accurate.
